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Introduction
A sixth order linear differential operator is generated by the differential equation and boundary
conditions of the form:
() =~y @) +q(x)y(x) = 2°y(x), x €[0,a] )
yP(0)=0, j=01,2
Ui(y(0) = ©)
22=1(iwjl)k_1y(6_k) (a,1) =0, j =345

Where A is the spectral parameter and q(x) is an arbitrary complex-valued function such that q(x) €
C?[0,al].

Furthermore, A satisfies:

q'(0)=q'(a) =0, foaq(x)dx = 0 provided q(a) # 0.

Many authors have investigated the spectral properties of eigenvalues and eigenfunctions of differential
equations (H. Menken [1], K. H. Jwamer [2,3,4], G. A. Auginov [5,6], J. D. Tamarkin [7], etc.). It is worth
further note that T. Y. Gadzhieva [9] studied the differential equation of the order “2n” and the
formy @™ (x) 4+ g(x)y(x) = 12"p(x)y(x), x € [0, a]. Gadzhieva’s work consideredp(x) # 1, and obtained
the asymptotic formulas exclusively for the eigenvalues under these conditions.

The aim of this paper is to find a new expression for the six linearly independent solutions and asymptotic

formulas of the eigenvalues and eigenfunctions of equations (1)-(2). To achieve this, the auxiliary results
proven in section 2 are prerequisite.
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2. Expressions of Fundamental Solutions :
In this section we find a new asymptotic expression for the fundamental solutions of(1).
Theorem 1: If we have the differential equation(1).where,q(x) € C" 1[0,a], then for A € Ty, where
Ty, = {/1: argl € [O, g]} and wy, k = 0:5 are six root of unity we can find six linearly independent solutions

and their derivatives can be expressed as

y]ES) (x,1) = (ka)sei/lwkx [AOSk(x) + Alsl;(x) + Azsi (%) + Assi (%) + Aysie(X) + Assie (X) + Agsk (x) 4ot

A2 A3 pr 25 26
40 (2]
Where
Arsk = A1 (%), Agsie = Agi (X), Azsie = Az (X), Agsie = Agr (X), Assie = Asp (%),
Agse = Agi (x) — ( ) iwig Agp(x),
Agsie = Aze() = (1) iwi A (o) — () wit A% ()

And so on for n = 7 we have:
S\ . ' S " S\ . " S
Ansk = An,k(x) - (1) LWIEAn—l,k(x) - (2) WIAcLAn—Z,k(x) + (3) lWl?An—?,,k(x) + (4) WI%AS—)AL,k(x) -
S\ . S
(5) kaA;S_)S,k x) + (6) Agf_)ak (x).

And

iwg

Agr(x) = 1,41, (x) = 0,42, (x) = 0,43, (x) = 0,44, (x) = 0,45, (x) = __f q (Ao, (D)dt,

Agi() = = [X (~15wEAY, (8) + (DAL (D)) dt,

iwk * 14 L nr
Ari) = =22 [ (—15WEAL(0) + 20WRAL(0) + 4D 42(0)) e
0

__% 4 p01 - 300 2 1(4)
Agi(x) = 6 — 15w A7, (8) + 20iw Ag i (8) + 15w Az () + q(£) A3, (0) | dt
0

And hence for integer, n = 8 :
iwg (¥ 4 g 3 ) (5) (6)
Apr(x) = ~ 5 (_15Wk -1k (8) + 200w AL, () + 15WRALZ, () + AL, () + AR, (8)
0

+q(®)An—sk (t)) dt,

Proof: As we see in [1] the solution of the differential equation can be written in a power series of the form

Vi(x,A) = e” brdt 21— A’(x) ,where ¢ (x) = iwy, 3/ p(x) , but in our problem p(x) = 1,can be written as

e 1) = e g M

We try to find yg, v, Vi y,£4), ylgs)’ y,£6) and putting in the differential equation, first

Ve, 1) = W [Ag () + 2 4o 4 228 4 o ()], 3)
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Vi (x, 1) = idwy e Wix [A (x) + l(Al(x) iwp Ay (x)) P (Az (x) — lkal(x))
= (4500 — WAL () + 5 (A4 () — iWEAL () + o+ = (A () — iWE AR, () +

0 ()] “@)

Y 06 2) = (iAw)2e i [ Ag(x) + 5 (Al(x) 2iwEA5(x)) + 25 (4200) — 2iwgAL () — witAy () +
%(A3(x) — 2iwp Ay (x) — wiAY (x)) = (A4(x) — 2iwp AL (x) — wi Ay (x))

%(As(x) 2iwg A (x) — W,fA”(x)) 4+t = ( n () = 20w A1 (x) — WAy 2(x)) +0 (Anﬂ)]
(%)

V(e 2) = (iAw)3e Wi [ 40 (x) + 3 HUROE 3iw,§A'o(x)) + %Z(Az(x) — 3iwgA; () — WAL () +
/1—3(A3(x) — 3iwp Ay (x) — 3w Ay (x) + lW,fA”’(x)) + i(144(x) — 3iwp A5 (x) — 3wiAY (x) +
kaA’l”(x)) + A—S(As(x) — 3iwg AL (x) — 3wty (x) + lka”’(x)) + -+ Ain(An(x) —3iwp A, (x) —
Bwid)_,(x) +iwp A} (x)) +0 ()Lnﬂ)] (6)

WP 06 2) = (i) e [ 40 (x) + 7 (A1 () — 4w A5 () + 55 (42 () — 4iw 41 () — 6wEAG (x) ) +
= (4500) — 4w A5 (x) — 6wikAL (x) + 4iwdAy () + = (A4(x) — 4iwS AL (x) — 6WiAY (x) +
$iwRAT () + AP () + 5 (4500 — 4iwEAL 00 — bwEAL (1) + 4iwag' () + AP () +

L <A6(x) — WAL () — 6WEAL (x) + 4iwPAY () + A (x)) TN (An(x) — 4iwB A (%) —

6witAs () + 4iwAT 00 + A, 00) + 0 (57| )

¥ (x,2) =
(idwy)SeiAwix [Ao(x) +2 (A1 () = 5iwEAL(x)) + 5 (A5 (x) — SiwE AL (x) — 10wkAY (x)) +
%(A3(x) — 5iwp Ay (x) — 10wiAY (x) + 10lw,fA’”(x)) + i<1¢14(x) Siwp A5 (x) — 10w AL (x) +
10iw3 A" (x) + 5wzALY (x)) (As(x) Siwg Al (x) — 10wpAY (x) + 10iw2 Ay (x) + 5w2A® (x) +
A(S)(x)) PN (An(x) —SiwS AL (X) — LOWEA!_, (x) + 10iwd AL 5 (x) + SwPA®, (x) +
A(S)S(x)) +o Wl)] ®)

And

¥ (x, 1) = —ASeiWix [Ao(x) +2 (A1) - 6iwEAL(x)) + 5 (A5 (x) — 6iwEAL (x) — 15wty (x) ) +
%(A3(x) — 6iwp Ay (x) — 15wiAY (x) + ZOLW,EA”’(x)) + %(A‘L(x) — 6iwp A (x) — 15wi Al (x) +
20iw3 Ay (x) + 15w2A%Y (x))

%(As(x) — 6iwS AL () — 15WEAL (x) + 20iwP AL (x) + 15w2A® (x) — 61w, A (x)) + 1—16(A6(x) _
6iwp AL (x) — 15w Ay (x) + 20iw3 AL (x) + 15w,§A§4) (x) — 6ika§5) (x) + Ag(’) (x)) + -+

= (An(x) — 6IWE Ay (X) — 15w A, (x) + 20iw A5 () + 15w2ASY, (x) — 61w, AS S (x) +
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A(G)G(x)) +0 ( =) )
Putting yk,yk in —y©(x) + q(x)y = 15y(x) , then we get:

—6eiAwkx [l( 6kaA0(x)) ( 6iwp A} (x) — 15widg (x )) ( 6iwp A (x) — 15wk AY (x) +
20iw} ”’(x)) ( 6iwp A5 (x) — 15wi Ay (x) + 20iwi AV (x) + 15w A(4) (x)) ( 6iwp Ay (x) —
15w AY (x) + 20iw3 Ay (x) + 15w2A (x) — 6iw A(S)(x)) ( 6iwp A5 (x) — 15wt Ay (x) +
20iw3 Ay (x) + 15w? A(4) (x) — 6kaA(5) (x) + A(6) (x) + q(x)Ao(x)) ( 6iwp Ag(x) —

15wiEAY (x) + 20iw3 Ay (x) + 15w2A5 (x) — 61w A () + 419 (x) + q(x)Al(x)) +

/118 ( 6iwp AL (x) — 15wk AL (x) + 20iw2 AL’ (x) + 15W,§Ag4) (x) — 6iWkA(35) (x) + A(6) (x) +

q(x)A, (x)) + 4+ /11n< 6iwp Al (x) — 15w AL, (x) + 20iw3 AL 5 (x) + 15W,§A(4)4(x) -

6iw A () + A9 (x) + q(x)An_e(x)> +0 ()] =0.

By equating the coefficients of the same power of % . we get the following relation for 4;(x),i = 1,2, ..., n:
—6iwp Ay(x) = 0,

—6iwp A} (x) — 15wt Ay (x) = 0,

—6iwp Ay (x) — 15wt Ay (x) + 20iw3 Ay (x) = 0,

—6iwp Ay (x) — 15wiAY (x) + 20iwS AY' (x) + 15W,fA(()4) x) =0,

—6iwp Ay (x) — 15wiAY (x) + 20iwS Ay’ (x) + 15w Ag‘” (x) — 6iWkA(()5) (x)=0,

—6iwp A (x) — 15wiAY (x) + 20iwS Ay (x) + 15W£Ag4) (x) — 6iWkAg5)(x) +q(x)Ay(x) =0,
—6iwp Al (x) — 15w AL (x) + 20iw AL (x) + 15W£Ag4) (x) — 6iWkAgs)(x) + A§6) (x) +q(x)A(x) =0,

—6iwg Ay (x) — 15WEAL (x) + 20iw3 AL (x) + 15w2AY (x) — 6iw, AT (x) + A% (x) + q(x)4,(x) = 0

—6iwg Ay (x) — 15WEAL_, (%) + 20iw3 AL 5 (x) + 15w2AW, (x) — 6iw AP () + 49 (x) +
q(x)Ap_e(x) = 0.

By solving the above equations we get :

From Eq.(1) Ay (x) = 0 then Ag(x) = 1 putin Eq. (2) we get :

Ao,k(x) = A1,k(x) = Az,k(x) = A3,k(x) = A4,k(x) =1
Asge(x) = =2 [ q(6) Ao (B)dt,

LWk

Agi() = = [X (~15WEAY, (8) + (D Ay, (D)) dt,

A (x) = = "2 [ (—15WEAL K (6) + 200WRAL(6) + q(O) Az (1)) dt
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LWk

Ag (%) = ( 1SWEAY . (£) + 20iwE ALl () + 15w2AL)(E) + q(t)Ag_k(t)> dt

And hence for integer n > 9 we get that :

App() = = 2% 7 ( ISWEAY_ 1 () + 20iwd Al () + 15wZ AL, () + AT, () + AP, . (0) +
q(O)An-sx (t)) dt.

And then

A = Ay (x) — kaAOk(x)

Apge = Az (x) — iwg A (x) — 1Al (),

Assic = Auc(0) = (1) Wi A5, (o) — (5) witas (o) + (3) iw Ay 0o + () A 00,

(1)
(1)iw (2)w
Aggie = Agie(x) = (7)) i A () — () wit A () + (3) wR Ak (o).
(1) w 2)
(1) (2)wi

Ao =) 10+ (o + (et - () mao)

kaA4k (x) —

Agsk =

Aae(0) = (1) iwi A () — () witdli o) + (3) iwiag (o + () Ay 0 — () iwiedls (o) +

()40,

Agsk =
Age(0) = () WA () — () witag (o) + (3) iwRagi (o + () Ay 0 — () iwied$ (o) +
()40

And so on for n = 7 we have:
Angie = An () = (1) W41, (0) = (3) Wit + (3) iwR A5, GO + () WAL, (0) —
(;) kaAn 5. () + ( )A516)6 ().

But since Ag,(x), A1 (x)Azx(x), A3 (x) and Ay (x) are constants, so all derivatives are vanish. Then we
can write:

Arsie = A1 (%), A = Az (%), Az = Azp (%), Agsie = Agp (),
Asgi = Asi(X),

S\ . e
Agsi = Agie(x) — (1) iwg Ay (%),

Azge = Az (x) — (i) iW}EAIGk (x) — (;) WI? 5k (%),

And so on for n > 7 we have:

o = ""‘(x)‘(i)“”kfln 1) = () W20 + (3) iwE AL o) + () Al ) -
(;) WAy Sk(x)+( )A(6)6k(x).
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Hence we can write the four linearly independent solution and their derivatives of the differential equation of
the form

VD0, 2) = (1Awye) e [ Agy () + Hhok 4 2ok g 2k Bk By Sesk y .y Sk g ()]

Theorem 2: Consider the boundary value problem(1.1), (1.2), where q(x) is smooth function, such that
satisfies the conditions ¢'(a)=0,q'(0)=0 |, foaq(x)dx =0, and q(a) # 0, then for A €T,, the
asymptotic formulas for eigenvalues of the problem for sufficiently large [m| ,has the following forms

6
[ ma(1+iV3) (18q(a)-54iq(a)) 1

m8
Form = N,N + 1,N + 2,..Where N is a large integer.

Proof: If we choose five terms of ylgs) (x,4) in Theorem 1 then:

A1sk(x)+A2sk(x) Azs(x) | Agsi(x) A55k(x)_|_0<1)
A 22 23 A% A5 A8

W (1) = (iAwp) et [AOSk (x) +

For,s =1,2,3,4,5,k = 0,1,2,3,4,5. We have :

Agsie = Ao (%), Az = Are(x), Azsk = Azi (%), Azsie = Az (%),
Agsie = Age(x),  Asge = Asp(x)

Agsie = Agpe(x) — (i) in’cs sk (X).

Azsk = Az (x) —( )ka Age (x) — ( ) I,c4 sk (X)),

And

Ag(x) =1, Agp(x) =0, Agp(x) = 0, Az (x) =0, Agye(x) =0,
Age(®) = 2 [* g(0) gy (D),

A () = =22 [ (~15w* 4% (0) + (DAL (D)) dt.

Age() = =22 [ (~15wi 4 (6) + 20iwf* A5 () + (DA (D)) i,
Then ,
Agsk =1, A15 = 0, Aps = 0,A35, = 0,445, = 0,

Asge = = [* g(0)dt, Agor = S[q0) — q(O)].
Agric = :f—2q<x> =240 A6z = [ 53000 — 5 a(0),

Agar = :—%Q(x) —1_5261(0)],146% = [—f—ZCI(x) —1—5261(0)]

[ 5
Aesic = [~ 15400~ a0
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5
Siwy, 25i si

Arok = 10" () = 4" (O Are = [~ S wiq' ) — Swiq'(0)],

[ 430 ,5 , 15 1
Arai = |- wi’q () — S wi g (0)],
[ 49 ! ! !
Arzi = [~ wiq () — Zwi’q (0)],
[ 430 5, 50,5,
A7q = —ﬁWk q (x)—ﬁw (0)]
250 5, 5 ,
Arsic = |~ wia' ()~ —wi ' O]

And to find the boundary conditions Ui i) for k,j=012,345. Where
’ " - 6-k —
Up() = y(0) = 0,U1(y) = y'(0) = 0,U,(y) = " (0) = 0,U;(y) = X1 (iw;2)” y* V(a,2) =0

2mk. wk.
j = 3,4,5. where, wy, = Y1 =e6'=e3'k=0,1,23,45. And q(x) is smooth function.
Now wy = land w; = 4 iﬁ,wz =14 iE,W?, =—-1w, = e iﬁ,ws =1 ;¥ And w! are the
2 2 2 2 2 2 2 2 J

w; which numbering so that satisfy the inequality:

Re(idlwy) < Re(idw;) < Re(idwy) < Re(idws) < Re(idw,) < Re(idwg)
(10)

We can easily find out the form of each boundary conditions up to order six in each sectors:

Uoi) = [1+0(55)] (11)

Uy () = i [1 L0 _swd© o (1)) (12)

IR R FEREH R ) I

Uy = A5t [(w,;)5< - Lw"flsq(wdtJr[—%q(ajé—%q(m]+[—27—5; wi’(q (527)__lw,;5q'(o>]+ 0 (%8) >+
S PP NP TR )

() (L)’ ( Wk ja q(t)dt+ E_zlq(a;%qm)] 24" (q (o;)}—iw,’f o], ro(2) >+

()’ (w,’c)2< Wk fa qct)at+ [%qm;%qm] [20%(q '(c;))—j—;w,’fq’(o)] o(2) >+

251

i 2 g(a)-= st i’
- fisq(t)dt+qu(a)/lelzq(())]-"[ wi(a (2)7) Wi q (0)]+ 0( )

(w,-)“<w,;>( 1+ )+(w,) (

ka S a__ —w a ——W ’
g, ool i)l o)) Y

A5 /16 A7

For j=3,45
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If A €Ty, then

V3 -1, .3

1 1 .43
wo=>+i—,w=—+i—, / v3
2 2 2 2 2

Wé = 1’Wé = —1’W4 =E_l

And by our assumption we have q'(a) = 0 and q'(0) = 0 and foaq(x)dx = 0, then after computation
from equation (11, 14) we get

Uo(vi) = [1 +0 (/1—18)] =A,

U0 = iAwie| 1 =572 1217

1q(0) 5iw}>q'(0) 1
: +0(ﬁ)]

1 1g(0 iv3
Ui (yo) = M(E [ a( ) (A )] M(— i)A,

6 26 2
(1, i3 14(0) 1\] (-1 i3
Ul(yl)=M<7+T>[1_€T+O<F)]=M<T+T>A

Uiy = iA[1-252 4 0 (1)) = 24U, (3) = —ia[1 - 222+ 0 (5)] = —i24,

non=aG-"P-112 o (%) =ag-5Ha
s =317 [1-5 55 o ()| = a5 - n
Where 1= [1- 252+ 0 ()]

A e e I )

0 =2 (G +i5) [ 420 ()] =2 G ig) e
) =~ (<3 +2) [+ 352 4 0 ()] = - (-3 +12)' s

Uy (y,) = —A2 [1 + ;‘I;? +0 ( )] —22B,

Up(y3) = =22 [1 + gq/‘([6) +0 (18>] = —A?B

1 V3\'[ 140 1 3\
Uz(y4)=—12<§—i7> [1+6q§6)+0(/18)] —AZ<E—i7> B

1 V3 14(0 1 1 3
UZ(y5)=_12<———i—> [1+€%+0<F)]=—12<—5—17> B

Where B = [1+252 4+ 0 (2))]

Us(y,) = iASeitwoa [ (-6q(a) + 2iV3q(a)) + 0 ( : )]

12206
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U = iASeitwia [

Us(yy) = inSeitvee

Us(ys) = iSeitwse

Us(y) = iA%eiwic

_ a5 iawlal|

U = iA5eitwoa [

ifz\f;‘m) +0 (,18)]

Us(yy) = iAeiie

Us(yp) = inSeiMec
_ a5 iawha [

Us(ys) = iAeiwi

Us(ys) = iSeivse

U = iASeitwia [

Us(yy) = inSeitee

_ a5 iawlal|

Us(ys) = iAeiwi

Us(ys) = ineitwse

—-3+3iV3+

Us(y) = insemmba [2LV3

JZS (2018) 20 — 3-4 (Part-A)

( 6q(a) + 6iV3q(a)) + 0 (AS)]

a0 +0(3)

A6

-6+ 127590+ 0 35

/16( 6q(a) — 2iV3q(@) + 0 (/118)]

(6q(a) - 6iv3q(a)) + 0 ( ! )]

(6q(a) +6iV3q(a)) + 0 (AS)]

/16( 6q(a) +2iv3q(a)) + 0 (;;)]

(6q(a) +6iV3q(a)) + 0 ( ! )]

1276 Sa@+0 (/118)]

L (15000) - 1550(0) 0 (3)

1220

S+ o)

(3q(a) +3iV3q(a)) + 0 (AS)]

A6

/16( 6q(a) + 6iV3q(a)) + 0 (;;)]

(6q(a) +2iV3q(a)) + 0 ( ! )]

: 1
3 +3003 + 12/16( 15q(a) — 15iV3q(a)) + 0 (/18)]

1@+ 0 (i)

We want to find A(1), in T,
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Uo(¥o) Uo(y1) Uo(y2) Uog(ys) Uo(ys) Up(ys)
Uio) Ui(r) Ui(2) Ui(ys) Ui(ra) Ui(ys)
AQL) = U,(vo) Ux(v1) Ux(v2) Ux(ys) Ux(va) Uz(ys)
Us(yo) Us(y1) Us(yz) Us(ys) Us(s) Us(ys)
Us(o) Us(y1) Us(yz) Us(ys) Us(va) Us(ys)
Us(o) Us(y1) Us(y2) Us(ys) Us(ys) Us(ys)

Uo(yo) Uo(y1) Upg(y2) Uog(ys) Uo(ys) Up(ys)
Uio) Ui(r1) Ui(2) Ui(ys) Ui(ra) Ui(ys)
— A'84BC U,(vo) Uz (1) Ux(v2) Ux(ys) Ux(va) Uz(ys)
Us(yo) Us(y1) Us(yz) Us(ys) Us(ys) Us(ys)
Us(o) Us(y1) Us(y2) Us(ys) Us(va) Us(ys)
Us(o) Us(y1) Us(y2) Us(ys) Us(ys) Us(ys)

Then by Laplace expansion theorem for determinant we get as we see in [7], [8], we can reduce A(A) to

18(\/_ 3i)

A(1) = i3A18ABC [e“(%"g)“\/? 216 — (180q(0) +90q(a) + 0 (Aig))] + (q(a) +
iV3q(a)) + 0 (f)]

Clearly we known from [8], the eigenvalues of the given problem are the zeros of A(4). If A(1) =0 for
sufficiently large |A|, then

o) 3216 - £ (18000 + 900@) + 0 ()] + 21522 (a(0) + F@) + 0 () =0
15)

Then

1 1 180g(0)+90
216 — = (180q(0) +90q(a)) + 0 (F)) =1- (—215 + (8000504@) 4 ¢ (1—16))
And then

-1
1 1
[216 - 5(180(;(0) +90g(a) + 0 (,Ts))] 1+ (—215 § (12002909 (1—16)) -

—214+W+0( ). (Since ——=1+x+ |
And
(1 A3
A 5-i5|a 180
e1<2 2) \/§+[—214+ q(0)1:90q(a)+0(/16)] [M(q(a)+l\/_q(a))+0(;8>]=0

M<1 f) \/_+[ 214 + 180‘1(0); 9Oq(a)+0( )H (18\/_Q(a)—54z\/_CI(a))+0(1)] 0

So from equation (15) we find out:

A5 2 o) 1) -0
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Then,
3
1/1(1—1—3> \/— 214\/—(18q(a) — 54lq(a)) +0 (/11 )
Arez)e 16 * (18() - 5419(@)) + 0 (11 7)
S PR 2 (189(@) - 54iq(@)) + 0 (55)

Then according to[2] by using Rouche’s theorem we can solve it and we get:

1 V3 2mn
iA(——i—)a =2mmi > A =—"—-—
2 2 1 .43
7 - 17 a
A=~ L 2 0 () form = NN 4 LN+ 2,
(5_7)'1 (l—i )
2 2
Where N is a large integer.
Hence
_ _4mm_ (18q(a)—54iq(a)) 1
= oy~ 1+ 2 0 ().
mmr(1+ V3 18q(a) — 54iq(a
A=—( )—1+214( q(; q( ) 0(—8>
a mmn m

a

And we know that the eigen-values of the problem are g ,, = 1°

That is ,

6
Ao’m — (mn(]‘:l\/g) _ 1 + 214 (18q(a2)m:4LQ(a)) + 0 (i)) .

=°

,form=N,N+1N +2,..
Where N is a large integer.

We can use binomial coefficients theorem and properties of big (O) notation to get the expression of the
eigenvalue in the sector Tj.

Theorem 3 : Asymptotic formulas of the FEigen-function of the boundary value problem (1)-( 2)
corresponding to A;, , Ajq , forj = 0:5 has the following forms:

ia 2+ £> iA —l+'\/—§> 1
Yom(x, 1) = —iv3e ( L +el<zl2 "1"+0(A)A€Tk

k,j=0:5 form=NN+1,N+2,..

Where N is a large integer.

Proof: If we choose five terms of y, )(x A) in the above equation then:
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ylgs) (x,2) = (iﬂwl'()seuwllcx [AOSk(x) + Alsk(x) n AZsk(x) A3sk(x) A4sk(x) +0 (l)]

A A2 A3 A4 A3
For s =0,1,2,3,4,5,k =0,1,2,3,4,5, We have:
Aosk = Aoks Arsic = A1k Azsic = Agiy Assk = Asier Ausic = Ask

Aosk =1, Ak =0, Agsk = 0,435, = 0,445 =0

! X

£ a4t

Agp(x) =

And to finding the boundary conditions U; (yy) for k =0,1,2,3,4,5, j = 1,2,3,4,5 Up to order O (%) and

satisfy foa q(®)dt =0 , and If ALET, , then
r_ NI S N R R S R S s SR
wy = 2+l2,W1— 2+l2,W2—1—,W3— 1,w4—2 i~ ws=——i

Now we can easily find

A 2 T3 tTa 75

Uy (vi) = y1(0) = ilW,’ceMW;fO [AOIk(O) + A11(0)  Az1,(0)  A31x(0) Ay (0) 40 (l)]

Ul(yk)—MWk[1+0( )] fork = 0,1,2,3,4,5

0w =2 G140 ()] now = (D)1 0 ()]

U1 (y2) = id [1 +0 (,115)]' Ui(y3) = —id [1 + 0( )]’

Ui(yy) =il <1— g) [1 + 0

”1@5):“(‘%“?)[”0(%)]

U, (vx) = (iAwy)? [1 +0 ()ﬁ)] —2%w [1 +0 <115>]

o0 -+ () o)

.00 = (35 o)
|

AS
0,00 -2 (3-0F) [1+0(3)
0209 =12 (~- ) [1+o(3)
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6
N e

Uy ) = ;(Lw,-A) y©(a, )

U; (i) = 252 [ 14 0 ()] [ wid® + wywi)® + (w;)” wid® + (w)* wi)? + (wy)*(wio) + (wy)°).

fork = 0:5,j = 3,4,5

Us (yo) = Us (1) = U3 (y2) = 0

Us (y3) = —6i15e~ A4 [1 +0 (/115)]

Us (ya) = U3 (¥5) = Us (Vo) = Us (1) = Us (y2) = Us (y3) = Us (y4) = 0

Uy (5) = iAseu(_%_ig)a[—B +30¥3][1+0(5)].

Us (o) = Us (y1) = Us (y2) = Us (y3) = 0

Us (74) = mse“(%“?)“p +30v3][1+0(5)].

Us (y5) = 0

Yo, 2) = M5 ) [1+0(%)]

e = P[0 (L))

yo(x,2) = e [1 +0 (;5)]

y3(x,1) = e"* [1 + 0(;5)]

e = G 10 (L)

e = T 14o0(1)]

As we see in [9] we can write the eigenfunction in T, as follows

2y <SR34 3003) (34 3043) i, a(3-F)e a(3-F)e -3
X, = e e
Yom 6i*218(=3 + 31v3)(3 + 31v3)

Vo, 2) y1(x, ) y2(x, 1) y3(, ) yalx, 1) ys(x, )
Ui(yo) UiOn)  Ui(yz) Ui(ys) Ui(va)  Ui(ys)
U, (7o)  U(r)  Ux(2) Ux(y3)  Up(w)  Uz(ys) Iy ( 1 )
Us(vo) Us(y) Us(yz) Usz(ys) Us(ys)  Us(ys)

Uso) Us(r)  Us(y2) Us(yz) Us(n)  Us(ys)
HUs(yo) Us(y1) Us(yz) Us(ys) Us(ya) Us(ys)
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april)e (1 VB (1 BN a(efl( 1 V3 1 VB
=le (———l—-l—(———l—) )—e (———l—+<—+l—>>

2 2 2 2 2 2 \2 2
2 2
+ eitx —<%+i\/7§><—%+i\/7§> +<%+i\/7§> <—%+i\/7§> *[-1(=1) — 0 + 0]
1
+0(55)

(1,43 (1. 43
_ —i\/§e M(EHT)x 4 ell<—7+17)x B ei/lx +0 (l)

S0 Yom(o ) = —iv3e G L) 4 AR g 4 g (+)

Sincein Ty A = Ag,, , Wwhere g = — [Zmn +i+ 28-1@

s
2 (smm)’

1
+0 ()
So
For m=N,N+1,N + 2, .... Where N is a large integer.

Conclusion

In this paper, we obtain asymptotic expressions for the sixth linearly independent solutions, and also the
asymptotic formulas for the eigenvalues and eigenfunctions of the boundary value problem (1)-(2) were
demonstrated.
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