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Introduction 
A sixth order linear differential operator is generated by the differential equation and boundary 

conditions of the form: ���� � �������� 	 
������� � ������	, � ∈ �0, ��                             (1)                                            

�������� � �		 �����0� � 0, � � 0,1,2	∑ �������� ��������, �� � 0��! , � � 3,4,5                 (2)                      

 

Where � is the spectral parameter and 
��� is an arbitrary complex-valued function such that 
��� ∈%&�0, ��. 
Furthermore, � satisfies: 
 	
'�0� � 
'��� � 0		, ( 
���)�*+ � 0 provided	
��� , 0.  
 

Many authors have investigated the spectral properties of eigenvalues and eigenfunctions of differential 

equations (H. Menken [1], K. H. Jwamer [2,3,4], G. A. Auginov [5,6], J. D. Tamarkin [7], etc.). It is worth 

further note that T. Y. Gadzhieva [9] studied the differential equation of the order “2-” and the 

form��&.���� 	 
������� � �&./�������, � ∈ �0, ��. Gadzhieva’s work considered/��� , 1, and obtained 

the asymptotic formulas exclusively for the eigenvalues under these conditions.  

     The aim of this paper is to find a new expression for the six linearly independent solutions and asymptotic 

formulas of the eigenvalues and eigenfunctions of equations �1�-�2�. To achieve this, the auxiliary results 

proven in section	2 are prerequisite. 
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2. Expressions of Fundamental Solutions : 
In this section we find a new asymptotic expression for the fundamental solutions of�1�. 
Theorem 1: If we have the differential equation�1�.where,
��� ∈ %.� �0, ��, then for � ∈ 0+	, where 0+ � 1�: arg � ∈ 60, 789:  and �� , ; � 0: 5 are six  root of unity we can find six linearly independent solutions 

and their derivatives can be expressed as 

���<���, �� � ������<=>?@AB 6C+<���� 	 DEFA�B�? 	 DGFA�B�?G 	 DHFA�B�?H 	 DIFA�B�?I 	 DJFA�B�?J 	 DKFA�B�?K 	⋯	DMFA�B�?M 	 N O  ?MPEQ9, 
Where  C <� � C ����, C&<� � C&����, CR<� � CR����, CS<� � CS����, CT<� � CT����,  
 C�<� � C����� � OU1Q ���TCT�' ���,  
CV<� � CV���� � OU1Q ���TC��' ��� � OU2Q��SCT�W ��� 
And so on for - ≥ 7 we have: 

C.<� � C.,���� � OU1Q ���TC.� ,�' ��� � OU2Q��SC.�&,�'' ��� 	 OU3Q ���RC.�R,�''' ��� 	 OU4Q��&C.�S,��S� ��� �OU5Q i��C.�T,��T� ��� 	 OU6QC.��,���� ���.  
And  

C+,���� � 1, C ,���� � 0, C&,���� � 0, CR,���� � 0, CS,���� � 0, CT.���� � � >@A� ( 
�]�C+,��]�)]B+ ,  
C�,���� � � >@A� ( O�15��SCT,�'' �]� 	 
�]�C ,��]�Q )]B+ ,  

CV,���� � � ���6 ^ O�15��SC�,�'' �]� 	 20���RCT,�''' �]� 	 
�]�C&,��]�Q )]B
+ , 

C8,���� � � ���6 ^ _�15��SCV,�'' �]� 	 20���RC�,�''' �]� 	 15��&CT,��S��]� 	 
�]�CR,��]�` )]B
+ , 

 And hence for integer ,  - ≥ 8 : 

C..���� � � ���6 ^ _�15��SCb� ,�'' �]� 	 20���RCb�&,�''' �]� 	 15��&Cb�R,��S� �]� 	 Cb�S,��T� �]� 	 Cb�T,���� �]�B
+	 
�]�Cb�T,��]�` )], 

 Proof:  As we see in  [1] the solution of the differential equation can be written in a power series of the form ����, �� � =?( cAdefg ∑ Dh�B�?hi�!+  ,where j���� � ��� 	k/���K 	, but in our problem /��� � 1,can be written as  

����, �� � =>?@AB ∑ Dh�B�?hi�!+   

We try to find ��' , ��'', ��''', ���S�, ���T�, �����  and putting in the differential equation, first 

����, �� � =>?@AB 6C+��� 	 DE�B�? 	⋯	 DM�B�?M 	 N O  ?MPEQ9,               (3) 
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                         ��' ��, �� � ����=>?@AB 6C+��� 	  ? OC ��� � ���TC+' ���Q 	  ?G OC&��� � ���TC ' ���Q 	 ?H OCR��� � ���TC&' ���Q 	  ?I OCS��� � ���TCR' ���Q 	 ⋯	  ?M OC.��� � ���TC.� ' ���Q 	N O  ?MPEQ9																																																																																																													(4) 

��''��, �� � ������&=>?@AB 6C+��� 	  ? OC ��� � 2���TC+' ���Q 	  ?G OC&��� � 2���TC ' ��� � ��SC+''���Q 	 ?H OCR��� � 2���TC&' ��� � ��SC ''���Q 	  ?I OCS��� � 2���TCR' ��� � ��SC&''���Q 	 ?J OCT��� � 2���TCS' ��� � ��SCR''���Q 	 ⋯	  ?M OC.��� � 2���TC.� ' ��� � ��SC.�&'' ���Q 	 N O  ?MPEQ9,                                                                      
(5) 

��'''��, �� � ������R=>?@AB 6C+��� 	  ? OC ��� � 3���TC+' ���Q 	  ?G OC&��� � 3���TC ' ��� � 3��SC+''���Q 	 ?H OCR��� � 3���TC&' ��� � 3��SC ''��� 	 ���RC+'''���Q 	  ?I OCS��� � 3���TCR' ��� � 3��SC&''��� 	���C '''���Q 	  ?J OCT��� � 3���TCS' ��� � 3��SCR''��� 	 ���C&'''���Q 	 ⋯	  ?M OC.��� � 3���TC.� ' ��� �3��SC.�&'' ��� 	 ���RC.�R''' ���Q 	 N O  ?MPEQ9                                                                                                 (6)  

���S���, �� � ������S=>?@AB 6C+��� 	  ? OC ��� � 4���TC+' ���Q 	  ?G OC&��� � 4���TC ' ��� � 6��SC+''���Q 	 ?H OCR��� � 4���TC&' ��� � 6��SC ''��� 	 4���RC+'''���Q 	  ?I _CS��� � 4���TCR' ��� � 6��SC&''��� 	4���RC '''��� 	 C+�S����` 	  ?J _CT��� � 4���TCS' ��� � 6��SCR''��� 	 4���RC&'''��� 	 C �S����` 	 ?K _C���� � 4���TCT' ��� � 6��SCS''��� 	 4���RCR'''��� 	 C&�S����` 	 ⋯	  ?M _C.��� � 4���TC.� ' ��� �
6��SC.�&'' ��� 	 4���RC.�R''' ��� 	 C.�S�S� ���` 	 N O  ?MPEQ9,                       (7)                                                                                                  

���T���, �� �������T=>?@AB 6C+��� 	  ? OC ��� � 5���TC+' ���Q 	  ?G OC&��� � 5���TC ' ��� � 10��SC+''���Q 	 ?H OCR��� � 5���TC&' ��� � 10��SC ''��� 	 10���RC+'''���Q 	  ?I _CS��� � 5���TCR' ��� � 10��SC&''��� 	10���RC '''��� 	 5��&C+�S����` 	  ?J _CT��� � 5���TCS' ��� � 10��SCR''��� 	 10���RC&'''��� 	 5��&C �S���� 	C+�T����` 	 ⋯	  ?M _C.��� � 5���TC.� ' ��� � 10��SC.�&'' ��� 	 10���RC.�R''' ��� 	 5��&C.�S�S� ��� 	
C.�T�T� ���` 	 N O  ?MPEQ9,                                                 (8)    

And                                                                                                                     

�������, �� � ���=>?@AB 6C+��� 	  ? OC ��� � 6���TC+' ���Q 	  ?G OC&��� � 6���TC ' ��� � 15��SC+''���Q 	 ?H OCR��� � 6���TC&' ��� � 15��SC ''��� 	 20���RC+'''���Q 	  ?I _CS��� � 6���TCR' ��� � 15��SC&''��� 	20���RC '''��� 	 15��&C+�S����` 	 ?J _CT��� � 6���TCS' ��� � 15��SCR''��� 	 20���RC&'''��� 	 15��&C �S���� � 6���C+�T����` 	  ?K _C���� �6���TCT' ��� � 15��SCS''��� 	 20���RCR'''��� 	 15��&C&�S���� � 6���C �T���� 	 C+������` 	 ⋯	
 ?M _C.��� � 6���TC.� ' ��� � 15��SC.�&'' ��� 	 20���RC.�R''' ��� 	 15��&C.�S�S� ��� � 6���C.�T�T� ��� 	
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C.����� ���` 	 N O  ?MPEQ9,                                           (9)                       

Putting �� , ����� in  �������� 	 
���� � ������ , then we get: 

���=>?@AB 6 ? O�6���TC+' ���Q 	  ?G O�6���TC ' ��� � 15��SC+''���Q 	  ?H O�6���TC&' ��� � 15��SC ''��� 	20���RC+'''���Q 	  ?I _�6���TCR' ��� � 15��SC&''��� 	 20���RC '''��� 	 15��&C+�S����` 	  ?J _�6���TCS' ��� �15��SCR''��� 	 20���RC&'''��� 	 15��&C �S���� � 6���C+�T����` 	  ?K _�6���TCT' ��� � 15��SCS''��� 	20���RCR'''��� 	 15��&C&�S���� � 6���C �T���� 	 C+������ 	 
���C+���` 	  ?l _�6���TC�' ��� �15��SCT''��� 	 20���RCS'''��� 	 15��&CR�S���� � 6���C&�T���� 	 C ������ 	 
���C ���` 	 ?m _�6���TCV' ��� � 15��SC�''��� 	 20���RCT'''��� 	 15��&CS�S���� � 6���CR�T���� 	 C&������ 	
���C&���` 	⋯						  ?M _�6���TC.� ' ��� � 15��SC.�&'' ��� 	 20���RC.�R''' ��� 	 15��&C.�S�S� ��� �
6���C.�T�T� ��� 	 C.����� ��� 	 
���C.�����`		 N O  ?MPEQ9 � 0. 

By equating the coefficients of the same power of  
 ? . we get the following relation for C>���, � � 1,2, … , -: 

�6���TC+' ��� � 0, �6���TC ' ��� � 15��SC+''��� � 0, �6���TC&' ��� � 15��SC ''��� 	 20���RC+'''��� � 0, 

�6���TCR' ��� � 15��SC&''��� 	 20���RC '''��� 	 15��&C+�S���� � 0, 

�6���TCS' ��� � 15��SCR''��� 	 20���RC&'''��� 	 15��&C �S���� � 				6���C+�T���� � 0, 

�6���TCT' ��� � 15��SCS''��� 	 20���RCR'''��� 	 15��&C&�S���� � 6���C �T���� 	 
���C+��� � 0, 

�6���TC�' ��� � 15��SCT''��� 	 20���RCS'''��� 	 15��&CR�S���� � 6���C&�T���� 	 C ������ 	 
���C ��� � 0, 

�6���TCV' ��� � 15��SC�''��� 	 20���RCT'''��� 	 15��&CS�S���� � 6���CR�T���� 	 C&������ 	 
���C&��� � 0 ⋮ 
�6���TC.� ' ��� � 15��SC.�&'' ��� 	 20���RC.�R''' ��� 	 15��&C.�S�S� ��� � 6���C.�T�T� ��� 	 C.����� ��� 	
���C.����� � 0. 

By solving the above equations we get : 

From Eq.(1) C+' ��� � 0 then C+��� � 1 put in Eq. (2) we get :  

C+,���� � C ,���� � C&,���� � CR,���� � CS,���� � 1 

CT.���� � � >@A� ( 
�]�C+,��]�)]B+ , 

C�,���� � � >@A� ( O�15��SCT,�'' �]� 	 
�]�C ,��]�Q )]B+ , 

CV,���� � � >@A� ( O�15��SC�,�'' �]� 	 20���RCT,�''' �]� 	 
�]�C&,��]�Q )]B+ . 
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C8,���� � � >@A� ( _�15��SCV,�'' �]� 	 20���RC�,�''' �]� 	 15��&CT,��S��]� 	 
�]�CR,��]�` )]B+ . 

And hence for integer - ≥ 9 we get that : 

C..���� � � >@A� ( _�15��SC.� ,�'' �]� 	 20���RC.�&,�''' �]� 	 15��&C.�R,��S� �]� 	 C.�S,��T� �]� 	 C.�T,���� �]� 	B+
�]�C.�T,��]�` )]. 
And then 

C <� � C ���� � OU1Q ���TC+�' ���, 
C&<� � C&���� � OU1Q ���TC �' ��� � OU2Q��SC+�'' ���, 
CR<� � CR���� � OU1Q ���TC&�' ��� � OU2Q��SC �'' ��� 	 OU3Q��RC+�''' ���, 
CS<� � CS���� � OU1Q ���TCR�' ��� � OU2Q��SC&�'' ��� 	 OU3Q ���RC �'''��� 	 OU4Q��&C+��S����, 
CT<� � CT���� � OU1Q ���TCS�' ��� � OU2Q��SCR�'' ��� 	 OU3Q��RC&�''' ��� 	 OU4Q��&C ��S���� � OU5Q ���C+��T����, C�<� �C����� � OU1Q ���TCT�' ��� � OU2Q��SCS�'' ��� 	 OU3Q ���RCR�''' ��� 	 OU4Q��&C&��S���� � OU5Q ���C ��T���� 	OU6QC+�������, CV<� �CV���� � OU1Q ���TC��' ��� � OU2Q��SCT�'' ��� 	 OU3Q ���RCS�''' ��� 	 OU4Q��&CR��S���� � OU5Q ���C&��T���� 	OU7QC+��V����, ⋮ 
And so on for - ≥ 7 we have: 

C.<� � C.,���� � OU1Q ���TC.� ,�' ��� � OU2Q��SC.�&,�'' ��� 	 OU3Q ���RC.�R,�''' ��� 	 OU4Q��&C.�S,��S� ��� �OU5Q ���C.�T,��T� ��� 	 OU6QC.��,���� ���.  
But since C+����, C ����C&����, CR���� and CS���� are constants, so all derivatives are vanish. Then we 

can write:	C <� � C ����, C&<� � C&����, CR<� � CR����, CS<� � CS����, CT<� � CT����, C�<� � C����� � OU1Q ���TCT�' ���, 
CV<� � CV���� � OU1Q ���TC��' ��� � OU2Q��SCT�'' ���, ⋮ 
And so on for - ≥ 7 we have: 

C.<� � C.,���� � OU1Q ���TC.� ,�' ��� � OU2Q��SC.�&,�'' ��� 	 OU3Q ���RC.�R,�''' ��� 	 OU4Q��&C.�S,��S� ��� �OU5Q ���C.�T,��T� ��� 	 OU6QC.��,���� ���.  
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Hence we can write the four linearly independent solution and their derivatives of the differential equation of 

the form 

���<���, �� � ������<=>?@AB 6C+���� 	 DEFA? 	 DGFA?G 	 DHFA?H 	 DIFA?I 	 DJFA?J 	 DKFA?K 	⋯	 DMFA?M 	 N O  ?MPEQ9. 
 

Theorem 2:  Consider the boundary value problem�1.1�, �1.2�, where 
��� is smooth function, such that 

satisfies the conditions  
'��� � 0	, 
'�0� � 0	 	, ( 
���)�*+ � 0, and 
��� , 0, then for � ∈ 0+	,	 the 

asymptotic formulas for eigenvalues of the problem for sufficiently large |r| ,has the following forms  

�+,s � ts7� u>√R�* � 1 	 214 � 8w�*��TS>w�*���Gxyz �K 	 N O  smQ{�. 

For	r � |,| 	 1,| 	 2,…Where | is a large integer. 

Proof:  If we choose five terms of ���<���, �� in Theorem 1 then: 

���<���, �� � �����' �<=>?@AB }C+<���� 	 C <����� 	 C&<�����& 	 CR<�����R 	 CS<�����S 	 CT<�����T 	 N _ 1��`~ 
For, U � 1,2,3,4,5	, ; � 0,1,2,3,4,5. We have : C+<� � C+����	, C <� � C ����	, C&<� � C&����, CR<� � CR����, CS<� � CS����	, CT<� � CT���� C�<� � C����� � OU1Q ���' 	TCT�' ���.	
CV<� � CV���� � OU1Q ���' 	TC��' ��� � OU2Q��' 	SCT�'' ���,	
And C+���� � 1, C ���� � 0, C&���� � 0,	CR���� � 0, CS���� � 0, 

CT���� � � >@A�� ( 
�]�C+��]�)]B+ , 

C����� � � >@A�� ( O�15��' 	SCT�'' �]� 	 
�]�C ��]�Q )]B+ , 

CV���� � � >@A�� ( O�15��' 	SC��'' �]� 	 20���' 	RCR�''' �]� 	 
�]�C&��]�Q )]B+ , 

Then , C+<� � 1	, C <� � 0	, C&<� � 0, CR<� � 0	, CS<� � 0, 
CT<� � � >@A�� ( 
�]�)]B+ ,	C�+� � T & �
��� � 
�0��, 
C� � � 6 R &
��� � R8
�0�9,C�&� � 6   &
��� � T & 
�0�9, C�R� � 6�   &
��� � T & 
�0�9, C�S� � 6� R &
��� � T & 
�0�9 
C�T� � �� 512
��� � 512
�0�� 
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CV+� � T>@A� 	JV& �
'��� � 
'�0��,CV � � 6� &T>V& ��' 	T
'��� � T>V&��' 	T
'�0�9, 
CV&� � 6� SR>V& ��' 	T
'��� � T>V&��' 	T
'�0�9, 
CVR� � 6� S�>V& ��' 	T
'��� � T>V&��' 	T
'�0�9, 
CVS� � ��43�72 ��' 	T
'��� � 5�72��' 	T
'�0�� 
CVT� � ��25�72 ��' 	T
'��� � 5�72��' 	T
'�0�� 
And to find the boundary conditions ������ for ;, � � 0,1,2,3,4,5. Where  �+��� � ��0� � 0, � ��� � �'�0� � 0, �&��� � �''�0� � 0,����� � ∑ ������������� ���, ����! � 0  

� � 3,4,5. where, �� � √1K 	� =GyAK > � =yAH > , ; � 0,1,2,3,4,5. And 
��� is smooth function. 

Now �+ � 1and � �  &	 � √R& , �& � � & 	 � √R& , �R � �1,�S � � & � � √R& , �T �  &� � √R& . And   ��'   are the  �� which numbering so that satisfy the inequality:  �=����+'� ≤ �=���� '� ≤ �=����&'� ≤ �=����R'� ≤ �=����S'� ≤ �=����T'�                                                                                             
(10)  

We can easily find out the form of each boundary conditions up to order six in each sectors: 

�+���� � 61 	 N O  ?mQ9                                                                      (11) 

� ���� � ����' �1 �  � w�+�?K � T>@A� Jw��+� &?l 	N O  ?mQ�                             (12)                   

�&���� � ��&��' & �1 	  � w�+�?K � T>@A� Jw��+� &?l 	 N O  ?mQ�                       (13) 

������ � ��T=>?@A* ����' �T t�1 	 ���A�K ( w�e�dezg?J 	 6� JEGw�*�� JEGw�+�9?K 	 6�GJ�lG@A� JOw��*�Q�J�lG@A� Jw��+�9?l 	N O  ?mQ�{ 	
�������' �S t�1 	 ���A�K ( w�e�dezg?J 	 6� HEGw�*�� JEGw�+�9?K 	 6�IH�lG@A� JOw��*�Q�J�lG@A� Jw��+�9?l 	 N O  ?mQ�{ 	
����&���' �R t�1 	 ���A�K ( w�e�dezg?J 	 6�EEGw�*�� JEGw�+�9?K 	 6�I��lG@A� JOw��*�Q�J�lG@A� Jw��+�9?l 	 N O  ?mQ�{ 	
����R���' �& t�1 	 ���A�K ( w�e�dezg?J 	 6 EEGw�*�� JEGw�+�9?K 	 6�IH�lG@A� JOw��*�Q�J�lG@A� Jw��+�9?l 	 N O  ?mQ�{ 	
����S���' � t�1 	 ���A�K ( w�e�dezg?J 	 6 HEGw�*�� JEGw�+�9?K 	 6�GJ�lG@A� JOw��*�Q�J�lG@A� Jw��+�9?l 	 N O  ?mQ�{ 	 ����T t�1 	
���A�K ( w�e�dezg?J 	 6 JEGw�*�� JEGw�+�9?K 	 6J�lG@A� JOw��*�Q�J�lG@A� Jw��+�9?l 	 N O  ?mQ�{�                         (14)                        

For    � � 3,4,5 
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If  � ∈ 0+ , then  �+' �  &	 � √R& , � ' � � & 	 � √R& , �&' � 1,�R' � �1,�S' �  &� � √R& , �T' � � & � � √R& .  
And by our assumption we have 
'��� � 0	�-)	
'�0� � 0	�-)	 ( 
���)�*+ � 0, then after computation 

from equation (11, 14) we get 

�+���� � 61 	 N O  ?mQ9 � C, 

� ���� � ����' �1 � 16
�0��� � 5���' T
'�0�12�V 	N _ 1�8`� 
� ��+� � ���12 	 �√32 � }1 � 16
�0��� 	 N _ 1�8`~ � ���12 	 �√32 �C, 
� �� � � �� ��12 	 �√32 � }1 � 16
�0��� 	 N _ 1��`~ � �� ��12 	 �√32 �C 

� ��&� � �� 61 �  � w�+�?K 	 N O  ?KQ9 � ��C,� ��R� � ��� 61 �  � w�+�?K 	 N O  ?KQ9 � ���C, 
� ��S� � ���12 � �√32 � }1 � 16
�0��� 	 N _ 1�8`~ � ���12 � �√32 �C, 
� ��T� � �� ��12 � �√32 � }1 � 16
�0��� 	 N _ 1�8`~ � ����12 � �√32 �C, 
Where C � 61 �  � w�+�?K 	 N O  ?mQ9. 
�&���� � ��&��' & �1 	 16
�0��� � 5���' T
'�0�12�V 	 N _ 1�8`� 
�&��+� � ��& O &	 � √R& Q& 61 	  � w�+�?K 	 N O  ?mQ9 � ��& O &	 � √R& Q& �, 

�&�� � � ��& O�  &	 � √R& Q& 61 	  � w�+�?K 	 N O  ?mQ9 � ��& O�  &	 � √R& Q& �, 

�&��&� � ��& 61 	  � w�+�?K 	 N O  ?mQ9 � ��&�, 

�&��R� � ��& }1 	 16
�0��� 	 N _ 1�8`~ � ��&� 

�&��S� � ��& �12 � � √32 �& }1 	 16
�0��� 	 N _ 1�8`~ � ��& �12 � � √32 �& � 

�&��T� � ��& ��12 � � √32 �& }1 	 16
�0��� 	 N _ 1�8`~ � ��& ��12 � � √32 �& � 

Where � � 61 	  � w�+�?K 	 N O  ?mQ9 
�R��+� � ��T=>?@g�* � 112�� ��6
��� 	 2�√3
���� 	 N _ 1�8`� 
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�R�� � � ��T=>?@E�* � 112�� ��6
��� 	 6�√3
���� 	 N _ 1�8`� 
�R��&� � ��T=>?@G�* � �612�� 
��� 	 N _ 1�8`� 
�R��R� � ��T=>?@H�* ��6 	 3012�� 
�0� 	 N _ 1�8`� 
�R��S� � ��T=>?@I�* � 112�� ��6
��� � 2�√3
���� 	 N _ 1�8`� 
�R��T� � ��T=>?@J�* � 112�� �6
��� � 6�√3
���� 	 N _ 1�8`� 
�S��+� � ��T=>?@g�* � 112�� �6
��� 	 6�√3
���� 	 N _ 1�8`� 
�S�� � � ��T=>?@E�* }4�√312�� 
��� 	 N _ 1�8`~ 
�S��&� � ��T=>?@G�* � 112�� ��6
��� 	 2�√3
���� 	 N _ 1�8`� 
�S��R� � ��T=>?@H�* � 112�� �6
��� 	 6�√3
���� 	 N _ 1�8`� 
�S��S� � ��T=>?@I�* ��1212�� 
��� 	 N _ 1�8`� 
�S��T� � ��T=>?@J�* ��3 	 3�√3 	 112�� �15
�0� � 15�√3
�0�� 	 N _ 1�8`� 
�T��+� � ��T=>?@g�* }4�√312�� 
��� 	 N _ 1�8`~ 
�T�� � � ��T=>?@E�* � 112�� �3
��� 	 3�√3
���� 	 N _ 1�8`� 
�T��&� � ��T=>?@G�* � 112�� ��6
��� 	 6�√3
���� 	 N _ 1�8`� 
�T��R� � ��T=>?@H�* � 112�� �6
��� 	 2�√3
���� 	 N _ 1�8`� 
�T��S� � ��T=>?@I�* �3 	 3�√3 	 112�� ��15
��� � 15�√3
���� 	 N _ 1�8`� 
�T��T� � ��T=>?@J�* � 1212�� 
��� 	 N _ 1�8`� 
 

We want to find  ∆���, in 0+ 
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∆��� � �
��+��+� �+�� � �+��&�� ��+� � �� � � ��&��&��+��R��+��S��+��T��+�

�&�� ��R�� ��S�� ��T�� �
�&��&��R��&��S��&��T��&�

				
�+��R�� ��R� �+��S�� ��S� �+��T�� ��T��&��R� �&��S� �&��T��R��R��S��R��T��R�

�R��S��S��S��T��S�
�R��T��S��T��T��T�

			�
�
  

  

� � 8C�% �
��+��+� �+�� � �+��&�� ��+� � �� � � ��&��&��+��R��+��S��+��T��+�

�&�� ��R�� ��S�� ��T�� �
�&��&��R��&��S��&��T��&�

				
�+��R�� ��R� �+��S�� ��S� �+��T�� ��T��&��R� �&��S� �&��T��R��R��S��R��T��R�

�R��S��S��S��T��S�
�R��T��S��T��T��T��

�
  

Then by Laplace expansion theorem for determinant we get as we see in [7], [8], we can reduce ∆��� to  

∆��� � �R� 8C�% }=>?_EG�>√HG `*√3 6216 �  ?K _180
�0� 	 90
��� 	 N O  ?mQ`9 	  8�√R�R>�?K O
��� 	
�√3
���Q 	 N O  ?mQ~  
Clearly we known from [8], the eigenvalues of the given problem are the zeros of ∆���. If ∆��� � 0 for 

sufficiently large |�| , then 

=>?_EG�>√HG `*√3 6216 �  ?K _180
�0 	 90
���� 	 N O  ?mQ`9 	  8�√R�R>�?K O
��� 	 �√3
���Q 	 N O  ?mQ � 0                                        

(15) 

 Then  

216 �  ?K _180
�0� 	 90
���� 	 N O  ?mQ` � 1 � _�215 	 � 8+w�+�u�+w�*��?K 	 N O  ?KQ`  

And then  

6216 �  ?K _180
�0� 	 90
��� 	 N O  ?mQ`9� � 1 	 _�215 	 � 8+w�+�u�+w�*��?K 	 N O  ?KQ` �  

�214 	  8+w�+�u�+w�*�?K 	 N O  ?KQ, {Since  
  �B � 1 	 � 	⋯  }  

And  

=>?� &�>√R& �*√3 	 }�214 	 180
�0� 	 90
����� 	 N _ 1��`~ }18�√3 � 3���� O
��� 	 �√3
���Q 	 N _ 1�8`~ � 0 

=>?� &�>√R& �*√3 	 }�214 	 180
�0� 	 90
����� 	 N _ 1�8`~ � 1�� �18√3
��� � 54�√3
���� 	 N _ 1�8`� � 0 

So from equation (15) we find out: 

=>?� &�>√R& �*√3 � 214�� O18√3
��� � 54�√3
���Q 	 N _ 1�8` � 0 

 



JZS (2018) 20 – 3-4 (Part-A) 

91 

 

Then, 

 	
=>?� &�>√R& �*√3 � 214√3�� �18
��� � 54�
���� 	 N _ 1�8` 

=>?� &�>√R& �* � 214�� �18
��� � 54�
���� 	 N _ 1�8`	=>?_EG�>√HG `* � 1 � �1 	 & S?K �18
��� � 54�
���� 	 N O  ?mQ  

Then according to�2� by using  Rouche’s theorem we can solve it and we get: 

�� �12 � � √32 �� � 2r�� → � � 2r�
�12 � � √32 �� 

� � &s7_EG�>√HG `* � 1 	 214 � 8w�*��TS>w�*�� Gxy�EG��√HG �z�K 	 N O  smQ, for	r � |,| 	 1,| 	 2,…  

Where | is a large integer. 

Hence  

� � Ss7� �>√R�* � 1 	 214 � 8w�*��TS>w�*���Gxyz �K 	 N O  smQ.  

� � r��1 	 �√3�� � 1 	 214 �18
��� � 54�
�����2r�� �� 	N _ 1r8` 

And we know that the eigen-values of the problem are �+,s � �� 

That is , 

�+,s � ts7� u>√R�* � 1 	 214 � 8w�*��TS>w�*���Gxyz �K 	 N O  smQ{�. 

, ���	r � |,| 	 1,| 	 2,…  

Where | is a large integer. 

We can use binomial coefficients theorem and properties of big (O) notation to get the expression of the 

eigenvalue in the sector 0+. 

Theorem 3 : Asymptotic formulas of the Eigen-function of the boundary value problem (1)-( 2) 

corresponding to  ��,s	, ��̅,s , for� � 0: 5 has the following forms: 

�+,s��, �� � ��√3=>?� &u>√R& �B 	 =>?�� &u>√R& �B � =>?B 	 N _ 1�T` 		� ∈ 0� 

;, � � 0: 5,   ���	r � |,| 	 1,| 	 2,… 

Where | is a large integer. 

Proof: If we choose five terms of ���<���, �� in the above equation then: 
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���<���, �� � �����' �<=>?@A�B }C+<���� 	 C <����� 	 C&<�����& 	 CR<�����R 	 CS<�����S 	N _ 1�R`~ 
For   U � 0,1,2,3,4,5	, ; � 0,1,2,3,4,5 , We have: C+<� � C+� , C <� � C � , C&<� � C&� , CR<� � CR� , CS<� � CS� C+<� � 1	, C <� � 0	, C&<� � 0, CR<� � 0, CS<� � 0 

CT���� � ����'6 ^ 
�]�C+��]�)]B
+  

And to finding the boundary conditions ������ for ; � 0,1,2,3,4,5, � � 1,2,3,4,5 Up to order N O  ?JQ  and 

satisfy ( 
�]�)]*+ � 0 , and If  � ∈ 0+ , then 	�+' �  &	 � √R& , � ' � �  &	 � √R& , �&' � 1 �,�R' � �1,�S' �  &� � √R& , �T' � � & � � √R&   

Now we can easily find  

� ���� � ��' �0� � ����' =>?@A�+ }C+ ��0� 	 C  ��0�� 	 C& ��0��& 	 CR ��0��R 	 CS ��0��S 	 N _ 1�T`~ 
� ���� � ����' 61 	 N O  ?JQ9, for	; � 0,1,2,3,4,5  

� ��+� � �� O &	 � √R& Q 61 	 N O  ?JQ9 , � �� � � �� O�  &	 � √R& Q 61 	 N O  ?JQ9, � ��&� � �� 61 	 N O  ?JQ9 , � ��R� � ��� 61 	 N O  ?JQ9, 
� ��S� � �� �12 � � √32 � �1 	 N _ 1�T`� 
� ��T� � �� ��12 � � √32 � �1 	 N _ 1�T`� 
�&���� � �����' �& �1 	 N _ 1�T`� � ��&��' & �1 	 N _ 1�T`� 
�&	��+� � ��& �12 	 � √32 �& �1 	 N _ 1�T`�,		 
�&	�� � � ��& ��12 	 � √32 �& �1 	 N _ 1�T`� 
�&	��&� � ��& �1 	 N _ 1�T`� 
�&	��R� � ��& �1 	 N _ 1�T`� 
�&	��S� � ��& �12 � � √32 �& �1 	 N _ 1�T`� 
�&	��T� � ��& ��12 � � √32 �& �1 	 N _ 1�T`� 
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�� 	���� ���������� ��������, ���
�!  

�� 	���� � ��T=>?@A�* 61 	 N O  ?JQ9 6���' �T 	�����' �S 	 ����&���' �R 	 ����R���' �& 	 ����S���' � 	 ����T9, 
for; � 0: 5, � � 3,4,5 �R	��+� � �R	�� � � �R	��&� � 0 

�R	��R� � �6��T=�>?* �1 	 N _ 1�T`� �R	��S� � �R	��T� � �S	��+� � �S	�� � � �S	��&� � �S	��R� � �S	��S� � 0 

�S	��T� � ��T=>?_�EG�>√HG `*��3 	 3�√3� 61 	 N O  ?JQ9, �T	��+� � �T	�� � � �T	��&� � �T	��R� � 0 

�T	��S� � ��T=>?_EG�>√HG `*�3 	 3�√3� 61 	 N O  ?JQ9, �T	��T� � 0 

�+��, �� � =>?_EGu>√HG `B 61 	 N O  ?JQ9, 
� ��, �� � =>?�� &u>√R& �B �1 	 N _ 1�T`� 
�&��, �� � =>?B �1 	 N _ 1�T`� 
�R��, �� � =�>?B �1 	 N _ 1�T`� 
�S��, �� � =>?� &�>√R& �B �1 	 N _ 1�T`� 
�T��, �� � =>?�� &�>√R& �B �1 	 N _ 1�T`� 
As we see in [9] we can write the eigenfunction in 0+ as follows  

�+,s��, �� � 6�S� 8��3 	 3�√3��3 	 3�√3�6�S� 8��3 	 3�√3��3 	 3�√3� =>?*=>?�� &�>√R& �*=>?� &�>√R& �*=�>?�� &�>√R& �*=�>?� &�>√R& �*							
 

���
���
�
�
��+��, �� � ��, �� �&��, ��� ��+� � �� � � ��&��&��+��R��+��S��+��T��+�

�&�� ��R�� ��S�� ��T�� �
�&��&��R��&��S��&��T��&�

				
�R��, ��� ��R� �S��, ��� ��S� �T��, ��� ��T��&��R� �&��S� �&��T��R��R��S��R��T��R�

�R��S��S��S��T��S�
�R��T��S��T��T��T� �

� 	 N O  ?JQ
���
���
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� ¡=>?� &u>√R& �B t�12 � � √32 	 ��12 � � √32 �&{ � =>?�� &u>√R& �B t�12 � � √32 	 �12 	 � √32 �&{
	 =>?B ¢��12 	 � √32 ���12 	 � √32 �& 	 �12 	 � √32 �& ��12 	 � √32 �£¤ ∗ ��1��1� � 0 	 0�
	 N _ 1�T` 

� ��√3=>?� &u>√R& �B 	 =>?�� &u>√R& �B � =>?B 	 N _ 1�T` 

 So �+,s��, �� � ��√3=>?_EGu>√HG `B 	 =>?_�EGu>√HG `B � =>?B 	N O  ?JQ 

Since in 0+  � � �+,s , where �+,s � �  &* �2r� 	 � 	 28 w�*�OEzs7QI� 	 N O  sKQ 

So  

For 	r � |,| 	 1,| 	 2,… . Where | is a large integer. 

Conclusion 

In this paper, we obtain asymptotic expressions for the sixth linearly independent solutions, and also the 

asymptotic formulas for the eigenvalues and eigenfunctions of the boundary value problem (1)-(2) were 

demonstrated.  
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